Belles- Sampera et al. (2014) GlueVaR risk measures generalize the traditional quantile-based approach to risk measurement, while a subfamily of these risk measures has been shown to satisfy the tail-subadditivity property. In this paper we show how GlueVaR risk measures can be implemented to solve problems of proportional capital allocation. In addition, the classical capital allocation framework suggested by Dhaene et al. (2012) is generalized to allow the application of the Value-at-Risk (VaR) measure in combination with a stand-alone proportional allocation criterion (i.e., to accommodate the Haircut allocation principle). Two new proportional capital allocation principles based on GlueVaR risk measures are defined. An example based on insurance claims data is presented, in which allocation solutions with tail-subadditive risk measures are discussed.
tions of tail-subadditivity are described.
33
The article is structured as follows. The main concepts related to risk measures 34 are briefly described in Section 2 and GlueVaR risk measures are introduced. Sec- 
Distortion risk measures

42
A risk measure ρ is a mapping from the set of random variables X to the real 43 line R, X → ρ (X) ∈ R. A class of risk measures extensively used in finance 44 and insurance applications because of their appealing properties are the distortion 45 risk measures. First introduced by Wang (Wang, 1995 (Wang, , 1996 , a distortion risk function such that g (0) = 0, g (1) = 1 and g is non-decreasing.
48
Consider a random variable X and its survival function S X (x) = P (X > x).
is known as a distortion risk measure where g is the associated distortion function.
51
Note that the convergence of the integrals used to define ρ g is not guaranteed for 52 any g and any X. Lack of convergence must be interpreted in the following way: 53 random variable X is too risky from the point of view of the risk assessor that 54 uses ρ g as his risk measurement tool.
56
The VaR and TVaR measures can both be expressed as distortion risk measures. VaR at level α is the α-quantile of the random variable X, i.e. VaR α (X) = inf {x | F X (x) ≥ α} = F −1 X (α), where F X is the cumulative distribution function of X and α is the confidence level 0 ≤ α ≤ 1. The associated distortion function of the VaR measure is,
continuous random variables, the TVaR measure is the mathematical expectation 58 of losses given that these losses are greater than the associated VaR value. The 59 distortion function for the TVaR is, 
where parameter β is an extra confidence level such that 0 ≤ α ≤ β ≤ 1 . The
70
shape of κ 
75
Lemma 1 Let X be a random variable. Let α and β be two probability levels 76 such that 0 ≤ α ≤ β ≤ 1, and let h 1 and h 2 be two survival probabilities such
where
80
Proof 1 The proof is straightforward and has been provided by Belles-Sampera better understand the scope of the α tail-subadditivity, because it is the subset of 92 the probability space where the subadditivity of the risk measure can be assured.
93
Regarding the illustration provided in section 5, this is the common 5%−right tail 94 referred to in Table 1 
108
In this section we consider the framework suggested by Dhaene et al. (2012) .
109
This is a unifying framework in which a capital allocation problem is represented 110 by means of three elements: a non-negative function (usually a norm), a set of 111 weights, and a set of auxiliary random variables. However, the Haircut alloca-112 tion principle could not be fitted into this framework, despite it being the most 113 commonly used allocation criterion in practice (thanks to its simplicity).
114
Here, we propose a slight modification of the framework forwarded by Dhaene 
117
Assume that a capital K > 0 has to be allocated across n business units de- problem can be described as the optimization problem given by
with the following characterizing elements: capital K i to be assigned to each business unit must be
where X i is the random loss linked to the ith-business unit,
is the inverse of 131 the cumulative distribution function of X i and α ∈ (0, 1) is a given confidence 132 level.
133
Let us consider
Note that d i ≥ 1 for each i to face a feasible capital allocation problem. In other 136 words, if a business unit presents a random loss with no finite moments, then the 137 risk taken by that business unit is not insurable.
138
The approach for fitting the Haircut allocation principle in the framework 139 linked to the optimization problem (3) can be summarized as follows: if a con-140 stant r i must be expressed as
an elegant approach is provided, the interpretation of the transformation made by 143 ζ i on X i is not trivial. We recommend to follow this strategy when there is none 144 available alternative involving an interpretable ζ i . general framework defined by 3 are:
, i = 1, ..., n; and
.., n.
152
Proof of Proposition 1. In this setting it is straightforward to show that the so- to be the Euclidean norm (D(x) = x 2 ), then any solution to (3) can be written as
In this setting,
.
And, finally, for all i it is true that
(α) because of (c). Therefore, each K i in the solution {K 1 , K 2 , ..., K n } is given by
. Some particular comments on v i weights and ζ i auxiliary random variables 157 are here exposed. These comments are related to expression (5), the general so- 
and a set of appropriate ζ i , for all i = 1, ..., n. 
, for all i = 1, ..., n. They only differ in Given two confidence levels α and β in (0, 1), α ≤ β, and two distorted survival 192 probabilities h 1 and h 2 , if ζ i is fixed as
then the business unit driven proportional allocation principle using GlueVaR
can be represented in the modified capital allocation framework. Components of the solution {K 1 , K 2 , ..., K n } are expressed as
, for all i = 1, ..., n.
Note that two different approaches are used to define random variables ζ i for this principle. In the case of the TVaR α (X i ) for a continuous random variable
195
X i , an interpretable ζ i is available and used,
other side, for VaR α (X i ) it is difficult to find random variables different than 
Each component of the solution {K 1 , K 2 , ..., K n } is then obtained as
Alternatively, another approach can be considered. There exists a set of confi-207 dence levels α j ∈ (0, 1) for all j = 1, ..., n such that F −1
Therefore, the aggregate portfolio driven proportional allocation principle using
209
GlueVaR h 1 ,h 2 β,α can also be fitted to the modified capital allocation framework. In 210 this case, ζ i has to be equal to
Example of insurance risk capital allocation using
212
GlueVaR
213
An insurance database of claim costs is used to illustrate the adoption of GlueVaR Table 1 presents the risk measures when considering the empirical distribution.
222
Risk measure values for X 1 + X 2 under the most frequently used parametric dis- that represented by using VaR 95% on its own. Table 1 is divided into two blocks.
230
In the first, risk was calculated for the whole data set and in the second, contribu- smaller than one indicates subadditivity and, hence, a diversification effect.
238 Table 1 : Risk assessment of claim costs using GlueVaR risk measures 
258
This result is obtained because the impact on the quantile of X 1 is the oppo-259 site of that on X 2 when α j , j = 1, 2, are estimated as F −1 able comments and suggestions from the referees and the managing editor and, 287 specially, the T E X code provided by one of the referees to draw Figure 1 .
